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1. Real str . and topology



1. Real str . and topology

Setting A= &H1. ... , Hal : arrangement in Re=
i.e. Hi <Bl : affine hyperplane.

Notation M = M(A) :=&Hik : complexified complement .

ch(A) := <C : conn
. Comp (chamber) of RP,His .

T(A) := (ch(1)
, < (C , () : (and Care adjacent) : adjacency graph.

C ⑨

Ha

2 G

34·
Hi H2 93 ⑨

A = &Hi
,
H2

,
Hah ch(a) = 39

,
(2: (2) TIA)



1. Real str . and topology

C

Ha

2 G

34·
Hi H2 93 ⑨

A = GH)
,
He

,
Hah ch(A) = (4

,
(2 ,: () TIA)

Real structure is related to the topology of M = C & \UHi I.

Fact (Zaslavsky 1975)

# ch(A)= bi (M)

#Anah(A) = (1)? (1) : bi(M) .

bounded chambers



1. Real str . and topology

Ha
" Real structure is related to the topology

of M =&\UHi I
.

34

H , H2 93

A = &Hi
,

H2
,
Hah ch(a)= 39

,
(2: (2) TIA)

det

Def A = [H1
, ..., Hul is central:> OHi.

det

Def A central arr A is simplicial :#) Every chamber is a simplicial come.
I see the title page of booklet . # of walls = 1

.

Fact (Deligne 1972) If A is simplicial ,
then M = MIA) is1).

:E) Ta(M) =0 for 222

=> the univ
.
cover i

is contractible.

Rem
. (possibly infinite, locally finite) Affine simplicial arr . are conjectured

to be k(n .
1)

. (cf. Cuntz's talk .)

Fact (Paolini - Salvetti 2021) Affine Weyl arr's are KIi . 1).



1. Real str . and topology
Let A = <H , , ..., Hud be an arr. in Re

Fix positive (resp. negative) half-space Hit (resp. Hi) < R?
H2 (t ,0

Det F(A) is the poset associated ->
(t

.
-)(++

to the stratification defined by A. ↑
H ,

10, ) ·
10

.0)
(0

,
+)

Below
,
A : central.

1- -)
(- , + )

fact The following notions are equir. (-
, 0)

(i) Oriented matroid of A . Cup to re-ori .)

(ii) The adjacency graph T(A). (t.+ (t
.
- (- ,
-)(-

.
+)

F(A) :

(iii) The face poset FIA).
10,+ ) (t. 0) 20

.
- (- . %)

fact. (Salvetti 19817)

F(A) determines the homotopy type of M = MIA).
10

, 0

Rem Later
, Bjorner-Ziegler proved that FIA)

recovers the homeo-type of M.



1. Real str . and topology

fact The following notions are equir. H2
(t ,0

(t.
+ (t

.
- (- ,
-)(-

.
+)

(i) Oriented matroid of A . Cup to re-ori .)
->

(t
.
-)(+ +

(ii) The adjacency graph T(A).
4

H,

10
,-) ·

10
.0)

cot 10 , + > < +. 0) 90 .- ) ( .0

1- -)
(- , + )

(iii) The face poset FIA). 10
, 0

(-
, 0) F(A)

fact. (Salvetti 19817)

F(A) determines the homotopy type of M = MIA).

Rem Later
, Bjorner-Ziegler proved that FIA) recovers the homeo-type of M.

In short
,
the oriented matroid (or TCA)

,
or F(G) determines the

"Real str . knows everything". Topology of M= MIA).

Fact (Aomoto,
Kohno

, 1986)
Let I be a rank

,
1 local system on M=MIA).

Then D
[2

k +lH31M
, 1) =

[ ebadahla
s
DSC]

,
E =e.

HY(M
, 1) = D[CiT@D((2]

.



1. Real str . and topology
In short

,
the oriented matroid (or TCA)

,
or F(G) determines the topology of M= MIA).

"Real str .
knows everything".

Fact (%
.
2026) A = (H1:;Hul : central arr . in Re

Suppose that I halt-spaces Hi He ,
"Ha

,
(E , ..., In +h+,-4)

(i) H = P,

(ii) For each xEROX0), T E

↓
↓

1H + xx

Hi7x ↓

-
X

Then iTe(M)+ 0. ↓
- ↓ ↓

↓
X -

Rem
.
T

.
Saito and S

. Yamagata
recently applied this result to

prove that Manin-Schechtmann's

arr. is not K(nt
.
1) CarXiv :2605

. 14536)
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2. Varchenko-Gelfand algebra
Setting A= &H .

...

, Ha] : arrangement in Re = V i.e. Hi Re : affine hyperplane.

Notation M = M(A) :=&Hik : complexified complement .

ch(A) := <C : conn
. Comp (chamber) of RP,His .

T(A) := (ch(1)
, < (C , () : (and Care adjacent) : adjacency graph.

C ⑨

Ha

2 G

34·
Hi H2 93 ⑨

A = GH)
,
He

,
Hah ch(A) = (4

,
(2 ,: () TIA)

In this (and next) section
.
A is central.

Def
.
Let R be an integral domain.

Vy(A) := RChIA) = [f : ch(A)-> RY : the ring of functions on ch(A).

Rem As R-algebras , VG(A) ER#ChIA)



2. Varchenko-Gelfand algebra
T

Setting A= &H .

...

, Ha] : arrangement in Re = V i.
e. Hi Re : affine hyperplane.

"Notation M = M(A) :=&Hik : complexified complement .

ch(A) : = <C : conn
. Comp (chamber) of RP,His . Ha

34

T(A) := (ch(1)
, < (C , () : Cand Care adjacent) : adjacency graph -

Hi H2 93 ⑨

A= &Hi
,

H2
,
Hah ch(a) = 39

,
(2: (2) TIA)

In this (and next) section
.
A is central.

Def
.
Let R be an integral domain.

Vy(A) := RChIA) = [f : ch(A)-> RY : the ring of functions on ch(A).

Rem As R-algebras , VG(A) ER#ChIA)

For each (EchIA)
,
let 1c eVg(d) be the characteristic function of C.

Det (Heaviside function) I O

=+ I I 00
I

4 Hit
j

4 Hit

:= O ⑧ j
I I ↓

are called the Heaviside function.
Cit Ci

Rem
.
Vy(A) is generated by Clit.



2. Varchenko-Gelfand algebra
I O

For each (Ech(A)
,
let 1ceVg(d) be

the characteristic function of C.
I

I

I

4 Hit
Of ⑧

4 Hit

=H
O ⑧

Cit

j I I

Ci

↓

Example

i
·X

O

<,>2 + 54s" +37is
-(

,
5

- (2) - (24 + 1

= 1
xiC2t "Clat Class (deg =2 in Heuvisides



2. Varchenko-Gelfand algebra
Example

Ha

*N
xiC C

* Chat Class

Def (VG-filtration)
<, +&x+4 -(

,
5

- (2) - 1st + 1 = 1 a (deg =2 in Heuvisides

FaVg(A) := < + EVI/A) If is expressed by > ,

"

, .,72 with deg= EY (220)

0=: F, c fo = R <F,
c Fz c ...

gives a filtered algebra (Fi · Fj <Fi+;)·

Def (graded VG algebra

VGE(A) := FaVy(d)/ Fr-Vy(A). VG(A) :=VG(A) .

Fact (Varchenko-Gelfand 1987) A : arr. in R?

(1) Fe =Fex = = vg(A) (every fely(A) is deg =& wrt. Heavisides

(2) rank UGE(A) = balM(A)) (UGE(A) EHE(M , R) as R-modules

(3) When R =#2
,
VGA) EH' (M . #2) as graded E2-algebras.



2. Varchenko-Gelfand algebra
Def (VG-filtration) FaUg(A) :=& +EVE/A) If is expressed by > ,

"

, ..,72 with deg= 2 >

0=: F, c fo = R <F,
c Fz c ...

gives a filtered algebra (Fi · Fj <Fitj)·

Def (graded VG algebra) VGE(A) := FaVy(d)/ F2-Vg(A). VG(A) := VG(A)
.

Fact (Varchenko-Gelfand 1987) A : arr. in R? (1) Fe =F++ 1
=.. = vy(A)

(2) rank UGE(A) = balM(A)) (UGE(A) EHE(M , R) as R-modules

(3) When R =#2
,
VGA) EH' (M. #2) as graded# algebras.

Quiz which is in F,Ug(A) ?

3 3

I 4 I 4
2 2

- 2 - I -2 - 2



2. Varchenko-Gelfand algebra
Def (VG-filtration) FaUg(A) :=& +EVE/A) If is expressed by > ,

"

, ..,72 with deg= 2 >

0=: F, c fo = R <F,
c Fz c ...

gives a filtered algebra (Fi · Fj <Fitj)·

Def (graded VG algebra) VGE(A) := FaVy(d)/ F2-Vg(A). VG(A) := VG(A)
.

Fact (Varchenko-Gelfand 1987) A : arr. in t? (1) Fe =Fex = = vg(A)

(2) rank UGE(A) = balM(A)) (UGE(A) EHE(M , R) as R-modules

(3) When R =#2
,
VGA) EH' (M. #2) as graded# algebras.

Important tool : deletion - restriction exact seg . among

A= GH1
,

"

, HnY
,

A=AYHnY
,
A" =Alh (induced arr. on Hn)

Phn
Fact J exact seg .

of R-modules : 0- VELA)->Vy(A)- VyLA")+ o

W ( W
C

,

+ T

Hm( PHn
Veg

................

↳Ve +
+ (vy)c()

~-i A

A A
of Phult) (Ci) := f([+) -f(i)



2. Varchenko-Gelfand algebra
Def FaUg(A) := < +EVE/A) If is expressed by >

,

"

,.,72 with deg= 2 >

Def VGE(A) := FaVy(d)/ Fr-Vy(A). VG(A) :=VG(A) .
-

Fact A : arr. int? (1) Fe = vy(A) (2) rank UGh(A) = balM(A)) (3) When R =#
,
VGA) EH"(M. #2)

as graded #2-algebras.
Important tool : deletion - restriction exact seg.

Phn
Fact Jexact seg .

of R-modules : 0- VELA)->Vy(A)- VyLA")+ o

(↳Ve W it i ( PHn

A.......... =
A f Phu(t)((i) := f([+) -f(i)

This exact seg .
is compatible with VG-filtration :

fact The above exact seg .
induces the following exact sequences .

(1)0- Fz(A)-Fz(A)( Fn-(A)+ 0
of

-0+HE(M(d')-> H3(M(A))& H"(MId")-> ·
(2) 0+ VG3(A)-> VHE(A)-> VG

*"(A")+>



VarchenkelandAlgebraent
vele')+

Veg -ve
itW ( W i) P ,vy)

-

A........... -
A
- 25f Phu(t)((i) := f([+) -f(i)

fact The above exact seg .
induces the following exact sequences.

(1)0- Fz(A)-Fz(A)( Fr-(A)+ 0

(2) 0+ VG3(A)-> VHE(A)-> VG
*"(A")+>

Furthermore
,
we also have the following strong compatibility.

Fact Let feUg(A)
.
Then + -FrUg(A) E> Phi(f)(Far(At) for Vi= l ,...,n.

Cor
.

Let feUg(A)
.
Then FEFUg(A) Phi(f) is constant for Vi = 1

, ..., n.

Now we can answer to the Quiz.



2. Varchenko-Gelfand algebra
fact The above exact seg .

induces the following exact sequences.

(1)0- Fz(A)-Fz(A)( Fr-(A)+ 0
-

(2) 0+ VG3(A)-> VHE(A)-> VG
*"(A")+>

Furthermore
,
we also have the following strong compatibility.

Fact Let feUg(A)
.
Then + -FrUg(A) E> Phi(f)(Far(At) for Vi= l ,...,n.

Cor
.

Let feUg(A)
.
Then FEFUg(A) Phi(f) is constant for Vi = 1

, ..., n.

Now we can answer to the Quiz.

Quiz which is in Fivg(A) ?

3 3

I 4 I 4
2 2

- 2 - I -2 - 2



2. Varchenko-Gelfand algebra
fact The above exact seg .

induces the following exact sequences.

(1)0- Fz(A)-Fz(A)( Fr-(A)+ 0
-

(2) 0+ VG3(A)-> VHE(A)-> VG
*"(A")+>

Furthermore
,
we also have the following strong compatibility.

Fact Let feUg(A)
.
Then + -FrUg(A) E> Phi(f)(Far(At) for Vi= l ,...,n.

Cor
.

Let feUg(A)
.
Then FEFUg(A) Phi(f) is constant for Vi = 1

, ..., n.

Now we can answer to the Quiz.

Quiz which is in Fivg(A) ?

3 321

I

122
4 11224

3 3 3 332
- 21 - 121 -21 - 132



2. Varchenko-Gelfand algebra
fact The above exact seg .

induces the following exact sequences.

(1)0- Fz(A)-Fz(A)( Fr-(A)+ 0
-

(2) 0+ VG3(A)-> VHE(A)-> VG
*"(A")+>

Furthermore
,
we also have the following strong compatibility.

Fact Let feUg(A)
.
Then + -FrUg(A) E> Phi(f)(Far(At) for Vi= l ,...,n.

Cor
.

Let feUg(A)
.
Then FEFUg(A) Phi(f) is constant for Vi = 1

, ..., n.

Now we can answer to the Quiz.

Quiz which is in Fivg(A) ?

3 3 &F ,
21

eFi
I

122
4 1 1224 Not

3 3 3 3 3
Y const

- 21 - 121 -21 - 152



3. Main results andProblems.



3. Main results andProblems.

Summary so far :

Setting A= GH ,
,

· . .

, Hn] : central arrangement in Re=

Notation M = M(A) :=&Hik : complexified complement .

ch(A) := <C : conn
. Comp (chamber) of RP,His .

equir
1T(A) := (ch(1)

, < (C , () : Cand Care adjacent) : adjacency graph .

-> face poset,

# Ori
. mat.

C ⑨

Ha

2 G

34·
Hi H2 93 ⑨

A = &Hi
,
H2

,
Hah ch(a) = 39

,
(2: (2) TIA)

· These data determine (homeo
. type of) MIA)

,
filtered Vy(A)

, graded VG(A) ,
etc.

· If charR=2
,
VGA) EHYM

,
RIEOS

:

(A) R (Orlik-Solomon alg .

OSIA) is an invariant of the intersection poset which is much weaker than
or i

.

mat.
Question : If charR#2

,
how much are vy(A) and VG(A) fine ?



3. Main results andProblems.

Question : If charR#2
,
how much are vy(A) and VG(A) fine ?

Conjecture (Yagi-Y. ( charRF2.
Let Al

.
Az be central arr. in R? Then TFAE :

(i) Adjacency graphs are isomorphic T(AI) ET(A2)
(ii) vy(A) = Vg(A2) as filtered algebras.
(iii) VG

:

(A1) EVG(A2) as graded algebras.

Rem
.

(i) => (ii)=(iii) is easy.
(ii)= (i)

,
(iii)=(ii)

.

(iii)= (i) are open.

Thm
. (Yagi-Y.) CharR#2 . Let Al , Az be central arr. in Re which are generic in codim2.

Then
,
TFAE :

(
every HinHjuHe

(i) Adjacency graphs are isomorphic T(AI) ET(A2)
has codim= 3.

(ii) vy(A) = Vg(A2) as filtered algebras. NOT LIKE
Hj

(iii) VG
:

(A1) EVG(A2) as graded algebras. Hi He

Today we focus on (ii)=(i). "Reconstruction of TCA) from UIA)" (



3. Main results andProblems.

Thm
. (Yagi-Y.) CharR#2 . Let Al , Az be central arr. in Re which are generic in codim2.

Then
,
TFAE :

(i) Adjacency graphs are isomorphic T(AI) ET(A2)
(ii) vy(A) =Vg(A2) as filtered algebras.
(iii) VG

:

(A1) EVG(A2) as graded algebras.

Today we focus on (ii)=(i). "Reconstruction of TCA) from U(A)"

Step 1 Recovering the vertex set ch(A) . (using only charRF2).

Idem (vg(A)) =&f + Ug(A) (f=+ )

=5Est/Sch(A)Y

f Idem (29(A)) is primitive idempotent Idem

E ++0
,
and f =f, then floor +2 =0.

Prop (Char RF2) f is prim .
idem => -CechIA) St . f = 1c

(If char R= 2
,
(1 , 1) = (1 . 01+ 10 . 1)

,
(0 . 1) = (1

, 0)+ (1 . 1)
.
NO Primitive idem .)

Hence we have
Prim Idem (ig(A)) =(1c(cech(A) 3.



3. Main results andProblems.

Thm
. (Yagi-Y.) CharR#2 . Let Al , Az be central arr. in Re which are generic in codim2.

Then
,
TFAE : (i) Adjacency graphs are isomorphic T(AI) ET(A2)

(ii) vy(A) =Vg(A2) as filtered algebras.
Today we focus on (ii)=(i). "Reconstruction of TCA) from U(A)"

Step 1 Recovering the Vertex set ch(A) .
Prim Idem(ry(A)) =(1c(cech(A) 3.

Step2 Recovering the set of Heaviside functions.

H(A) := [xit , : / E1 , ..., nh .

Once we obtain #(A)
,
we can recover adjacency relation by using

(CHiTE) 1 xi +0E 1c (1-:) = 0.

Clearly, we have I(A) [F,UY(A) ~ Idem(A). The crucial fact is the following :

Prop (charRF2 ,
A : generic in codim2) .

H(A)=FiUG(A) v Idem(A)0 , 13.

(proof) Let feF, ~Idem 190 ,
14 .

Recall : fEF , E) Phi(t) is constant for Vi= 1,n.

Suppose that Hi S .
t

. Phi(t)0. Then, ...



3. Main results andProblems.

Step2 Recovering the set of Heavisidefunctions. F(A) := [xit, : /E1 , ..., nh .

Clearly, we have I(A) [F,UY(A) ~ Idem(A)
.
The crucial fact is the following :

Prop (charRF2 ,
A : generic in codim2) .

H(A)=FiUG(A) v Idem(A)0 , 13.

(proof) Let feF, ~Idem 190 ,
14 .

Recall : fEF , E) Phi(t) is constant for Vi= 1,n.

Suppose that Hi S .
t

. Phi(t)0. Then, ...

f(c)" = f (c) impliesaround Hi
,
it must look like :

X f (c) =0 or 1
.

I I & I

Hi
⑧ O O O

Suppose that Hi , Hj St . Phi(t)#0,hi(f)+0. Then,

Hj I
I Hi

O
O contradiction ! Hence there is at most

I I one Hi s.t . Phi(t)+0> 1 or a Heaviside
.
(R .
E .O.)

O 8



3. Main results andProblems.

Prop (charRF2 ,
A : generic in codim2) .

H(A)=FiUG(A) v Idem(A)0 , 13.

(proof) Let feF, ~Idem 190 , 14.
.

Recall : fEF , E) Philt) is constant for := 1,n.

Suppose thatHi S
.
t

. Phi(t)0 . Then
,

around Hi
,
it must look like :

11 & I

⑧ O O O
Hi Hi

d !
Hi

Suppose thatHi , Hj St . Phi(t)#0,hi(f)+0. Then, 'o d contradiction !

Hence there is atmost one Hist . Put+0 .

-> 1 or a Heaviside
.
(R .

E.O.)

Rem
.
If 5 HinHjnHa with codim =2

,
then there are non-Heaviside functions

10
,
0

01 O I EFinIdem(rg(Al)
.10 10 8 &

-
Rem

. We can also prove any feFin Idem is of this form .) or a Heaviside).



3. Main results andProblems.

Thm
. (Yagi-Y.) CharR#2 . Let Al , Az be central arr. in Re which are generic in codim2.

Then
,
TFAE : (i) Adjacency graphs are isomorphic T(AI) ET(A2)

(ii) vy(A) = Vg(A2) as filtered algebras.
(iii) VG

:

(A1) EVG(A2) as graded algebras.

Consider automorphism group of these objects.

Autgraph (J(A))- Autf(ig(A)>Antalg(2y(A)) = Bij(ch(A)).

Thm
. (Y-Y) charRF2 . A : generic in codim 2 ,

then

Autgraph (J(A))EAutfi(ig(A).

Ex
. A : then Autgraph (J(A)) E Autfi(ig(A)

# = 12 # =48

Question 2 When Autgraph (J(A)) = Autf(ig(A)) ?



3. Main results andProblems.

Question 4 Suppose R=#2
·

Can we recover TCA) from the filtered algug(A) ?
Two concrete test cases :



3. Main results andProblems.

Question 4 Suppose R=#2
·

Can we recover TCA) from the filtered algug(A) ?
Two concrete test cases :

(1) generic arrangements · A.. A2 : generic 6 planes in $3
Az

**
NO Hexagons

· If charRF2
, vy(A) v(A2).

· If R=#2
,
VG(Ai) = VG(A2) (because intersection lattices are isom .

OS(A, ) =OS(A)
Question : If R= #2

,
Vy(A1) Evg(A2) as filtered algebras ?



3. Main results andProblems.

Question 4 Suppose R=#2
·

Can we recover TCA) from the filtered algug(A) ?
Two concrete test cases :

(2) Non isom ,
intersection lattice.

A , Az

*
· Even if char RF2 , we do not know whether vy(d) =Vy(A2) or not.

· OSIA) EOS (A2) (MIAi) and M(Az) are homotopy equir. but not homeomorphic
· In particular , if R=#2

,
VG(A , ) =VEA2).

Question : If R= #2
,
Vy(A1) Evg(A2) as filtered algebras ?



From Yagi-Y.

Fig 1
.


