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1. Real str. omd topology

Setting A= {H, -, Ho} : arrang ement in Ri=v
e He ¢ RY :affine hyper plome .

Notation M=M(a)= C*\ .}2 H:®@C : complexified complement.

ch(A4):=1% C: conn. comp ( chamber) of RQ\Q' Ml
T(A> = (Ch (A), {(C-, ') : C omd C' ave Qd‘jacent}): Q(UQ.CQ“CY 8rwh

N

/ Hs /Q o

W Ho

C




1. Real str. omd “opo logy

C

~J

>< Ca | Cq S

/ Ha /Q3 Cy

W Ho
A=bu v, Wl =il G-t )

N

Real structure is related to the topobgy of M=C*\UHi® C

Fact (Zoslavsky 19715)
#chlﬂ)=.{: bi (M)

3 bad ch(4)=€1)F 2‘_(~o bi (M),
bounded chaw \>st



1. Real str. omd topology

AN ~

>< E; % §><< Real structure is releted to the topobgy
2

of M=C?*\UH®C
/ Hs /Q3

>< c
W, Ho
A=bb v, Kol anla)= {0 G el 0 *m)

Db A ={Ho - Ha) is contral :e> 0€ ()M
dae
Oet- A centrad arr A i siM?kiciJ:<=> Every chamber i g Simplitiddl Cone.

(see the ttle page of bosklet.) H# ot walli =2
Fact (Deligne 1972) If A is simplitial , then M=M(4) is Kbmw. ),
16 T (MW =0 Jor R22
& the Univ. over (X
165 contractible .

Rem. (possibly infinite, locally finilz ) Affine simplicial arr. gre Con jectuved

to be KGc. 0. (cf. Cuntzs falk)
Eact (Paolini- Salvetti 202)) Aftine Weyl aw.5 are Kiw. 1)




1. Real str. omd topology

Let A={H,~ Ha{ be an arr. in R
Fix positive (resp hegative) half -space H™ (rep H7) < R

3 “.9)
Dot FlA) is the poset associated i (

o the stratificetion dafmed by o . 7

Below , A: Central.
Fact The following notions are eguiv

(i) Oriented matroid of 4. (wpto re-ori.)
(1) The adjacenty Graph T (). (o> (6= [~y (=4

(i) The face poset F(Q). T ‘ W‘

(0.+) (+.0) (0.~) (-.0)

Fact, (Salvetts 19€7) \\//

F(A) determines the homotopy type of M= M(d). (0,5)

S

R Later, Bjorner ~Ziegler proved —that F(d)
recovers the homeo-type of M.



1. Real str. omd “opo logy

Fact The following notions are eguiv Hy (<o) (o> Cemd [ony 4
(i) Oriented matroid of 4. (up to re-ori.) — o) | (ee ‘
. . T (0,-) e (P e (0,4+)  (+.0) (0.~) (-.0)
(i) The Gdda(fl'\t)’ Q'(prk T(A). R (00) '
it) The face poset () I I \<\//
(it) The Tate po A Co) T4) 0, 0)

Fact. (Salvetti (987)
?[A) de termines Thg hmtop\/ t)’PL of M= Mld).

R Later, Bjorner ~Ziggler proved that F(A) recovers the homeo-type of M.

In chort, the oriented matvoid (or T4, or F(S)) determings the

“Real str. knows everything Topology of M= Mist)
Fact (Aowmoto, Kohno, [q%6 )
Let L be a rank, 1 focal system on M=M(4) /
Then .
He(m, L )= {o S

c@ma\w Gred %=t WM, L)= CLeefle],



1. Real str. omd topology

In short, the oriented matvoid (or TWA), or F(&)) determings the topology of M= Mis)
“Real str. knows everything "

Fat (X 2025) A={H,~Ha : central arv. in L3
Suppose that 3 holf-spaces Hi Mo He, (€4, Theft,~1)
©) Q Hi = ¢,
G¢) For cach % eR*\{of,
N HE ¢

H:>x

Then T (M )=+ 0.

Rem. T. Seito omd S. Yamagyata
recently oapplied this result 4o
prove that Manin- Schehtmann ‘s

arr. is not K. o) (arkiv:2606.14536)
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2. Var chenko - Gelfomd algebre

Setting A={H, Ha} : arrangement in RE=V e Hi ¢ R effine hyperplome.
Notation M=M(4A)= C*\ .}2 H:®C : complexified complement.

ch(4):={ C: conn. comp (chamber) of BR*\U 1.

T(A)= (ch(A), {(€.¢') + Cond (' are adjacent }): adjacency greph

G

~— ~—
PSS )

W, Ho
A"—"l o, Ha \‘\'all ch(d)= {t\ Ca - cq TA)

In this (amd next) cection, A is centrel.

Dot Let R be an integrol domain.
VYA = RM® = {+: dh(A)—R] the ring of functions on ch().

Rm As R~alyebras, YG(A & R¥ A



2. Var chenko - Gelfomd algebre

Setting A={H, -, H.} : arromgement in Ri=v ie HicRY:affine hyper plame

. \ \ Ce
Notation M=M(a)= C*\ ;Q. HeC : complexified complement . >< C, [Cq Ce
ch(A):={ C: com. comp ( chamber) of RQ\Q' Rl

) H/H " /Qx h
T(A)= (ch(h), {(€.¢) © Comd (' are adjacent }): adjacency groph, >

! A=huc e, Wl a={n G G T
In this (amd next) cection, A is centrel.

Def. Let R be on in’tegroi domain.

VYA) = RN = {1: ch(A)—R] :the ring of functions on ch().
Rom As R-afyebras, YG(A) & R¥HA

For each CechlA), (et 1. €VGlA) be the charatteristic function of C.

41‘_ (Heavisw(e fumction) \ o
1.
g-ﬂ* 4 1 [ . O D D .
- 1 H: g HE
g1 o/ o\° /N
are called the Heoviside fumction.

Rem. V4(A)Y is generated by AE.



2. Var chenko - Gelfomd algebre

\
For each Cechld), (et 1q eVGlA) be 1>§[ O>OQ

the charactenstic fumction of C. N g 1 O\ 4w
1= 1. O \ \

CH.E d <
CeH; > &

Example

)

o v

LI a4
7 \ \ ! =X~ )(1 “)(; +]
o/ » \o 0/ o \D =1

< <
AXE NS r Wb l” D\.}‘ (d¢3=2 in Hea\/isidac)



2. Var chenko ~ Gelfond algzbra

Ex\v\le
V)

')(g 0 L)
H o/ 0\0 0/ (\l (/{\O e/ s \o 0o/ o \0 o/ v \»?
XE S X g AT

G 1o

Def (Vér"filtra‘cioh ) B R T G R
RUg(d):={ FevalA)| fis expressed by A, with deg B} ($20)

0="F, ¢R=R <R ¢ F ¢ 4Gives a filtered algebra (FiF CFisj).
Def (graded VG olyebra)

VGR(A) = FeV3l)/ FeaU4(A)  VE)=@,
Eoct (Varchenko- Gelfand 1189) A: arr. (n RY

(1) Fe=Fee ==VG(A) (every feVYlA) is deg =L wrt Heavisides)

2) romk VG*[A)=be(M(Q) (VE2(A) L HE(M.R) 0s R-modlicles )
R) When R=%, V&(A) & H (MEDas graded E-algebras.

Ve (A).



2. Var chenko - Gelfomd algebre

Def (Ve-filtration) FeUs(d):={ FeValA)| £is expressed by X,*, -2 with dogc B}

0="F, ¢R=R ¢F ¢ F ¢ gives a filtered algebra (Fi-F CFisy).

Def (graded VG olgebra) VGR(A)=FeVl)/ T V4(A)  V&(a)= P, VE® (A,

Eact (Varchenko~ Gelfand 1989) A:ark in RE (V) Fe=Feey =-=V4(A)

2) romk V&*(A)=be(M(D) (VG(A) 2 HE(M.R) 0 R-moolules )
R) When R=F,, VG(A) & H (M) as 9raded E-algebras.

@QUuiZ Which is in FLU(A) 7




2. Var chenko - Gelfomd algebre

Def (Ve-filtration) FeUs(d):={ FeValA)| £is expressed by X,*, -2 with dogc B}
0=F, ¢cR=R CF ¢FR C Qives o filtered algebm(Fz‘-Fj CFis;) .
Def (graded VG olgebra) VGR(A)=FeVl)/ T V4(A)  V&(a)= P, VE® (A,

Eact (Varchenko~ Gelfand 1989) A:ark in RE (V) Fe=Feey =-=V4(A)

2) romk V&*(A)=be(M(D) (VG(A) 2 HE(M.R) 0 R-moolules )
R) When R=F,, VG(A) & H (M) as 9raded E-algebras.

Important tool : deletion—restriction exact feg. Qmong
A={H, "',Hn} , A'= AN{Hn} AH:AH" ("""(Wﬂo& arr.on Hn)

Foct 3exact ¢e3. of R-modules . 0— U%(A')—*W(A)fi"’ Vg-(A")—0




2. Varchev\ko - Gelfomd algebre,

Def FeUg(d):={ F€ValA)| fis expressed by A.¥, 25 with deg < £}
Det VG* A) FeV9l)/ FeaV4(A)  VaT(a)= @, Va* (4).

Fact A:arr inRE () Fo= vgla)  (2) romk VE*(A)=be(M(A) B) When R=F;, VG (R) & H (ME,)
as 9raded &,-algebras.

Tmportant tool : deletion—restriction exact seg.
Foct 3exact §eg. of R-modules: 0— MA)—*W(A)——* VY(A")—0

- &
( C 'Cz CS)

A
S (G )= (&) -F(E)

This exact seg,. is compatible with V& - filtration:
Eact The above exact ses. ihnduwees the #o\(owihg exact (eguences.
Pt .
(1) 0—=F(d)—TF(A)—3 = Fe (A)— o0 ot

O MU~ (M) 25 W )\

(2) 0— VG*(4) — V&*(A) — vg* ! (&) — o



2. Var chenko - Gelfomd algebre

Foct 3exact Seg. of R-modules : 0— MA’)—%W(A)&‘; Ug(A")—0

( G . C:.. CS)
A’ R .
B8 (C: )= (8 -$(8)
Eact The above exact seg. n;olucec the following exact (eguences.
(1) 0= FglA)—Fe(A)=3 Fe (£)—0
(2) 0— V& (4) — V&*(4) — vgh! (&) —o

Furthermore , we also have the following strong compatibility,
Fott Let $6V4(A). Then FeRWII(A) & Pui(f) €Fe.) (AY) for Vi)~
Cor. Let FeV9(A) Then FeRV4(A)& $u.(F) is constant for Yi=)n.

Now we Ctam omswer To the Quiz.



2. Var chenko - Gelfomd algebre

Fact The above exact seq. induees the following exact eguences,

() 0-—>FQ(A')——>F{(A)-&"3 Fe.(A)— 0

() 0— VG*(4) — V&t (A) — vgH! (&) —o

Furthermore , we also have the following strong compatibility.
Fott Let $eV4(A). Then FeRVYIA) & Pui () €Fey (AY) for Vi), -m.

Cor. Let §FeV9(A) Then FeRV4(AY& Fu.(F) is constant for Vi=ln.
Now we Ctam omswer To the Quiz.

OQuiZ Which i in F,U4(A) 7
3 3

4

| WA
2 2




2. Var chenko - Gelfomd algebre

Fact The above exact seq. induees the following exact eguences,

Pa, .
(1) 0= Fela)— T (A) = R (A)—0

() 0— VG*(4) — V&t (A) — vgH! (&) —o

Furthermore , we also have the following strong compatibility.
Fott Let $eV4(A). Then FeRVYIA) & Pui () €Fey (AY) for Vi), -m.

Cor. Let §FeV9(A) Then FeRV4(AY& Fu.(F) is constant for Vi=ln.
Now we Ctam omswer To the Quiz.

OQuiZ Which i in F,U4(A) 7
3 3

A s AN
3/ MR -3/—;\ S



2. Var chenko - Gelfomd algebre

Fact The above exact seq. induees the following exact ¢eguences.

(1) o> TFe(a)—Fe(A) -'-S-)-':'-a Fe.(A)— 0

(2) 0—2 V&*(4) = V§*(A) — Vg (4") —o
Furthermore , we also have the following strong compatibility.
Futt Let $£6V4(A). Then FeRWIA) & Pui(f) € Fey (AH) for Vi=l,-m.

Cor. Let §FeV9(A) Then FeRV4(AY& Fu.(F) is constant for Vi=ln.
Now we Ctam omswer To the Quiz.

OQuiZ Which i in F,U4(A) 7

2 ? & F\
AN

l (\)O'T

| 2 L\\ Const
-3/ i \ail ~2/—\ \\l/




3. Main results omd Problems,




3. Main results omd Problems,

Summary so far:
Setting A={t, -, Ha} o central arrowxsement inRi=V

Notation M=MiA)= C*\ U Ko C : cmplexified wmplement .
ch(A)=1 C: comn. comp ( chamber) of R®* \Q' Mot
eguiv

T(A)= (ch(A), {(€.¢') + Cond (' are adjacent }): adjacency greph & face poset,

. = Ori. mat.

I e E
C.)_ (‘_..l Ce
/ H3 /Q3 C

( Ho
A= ‘1 W, Ha \‘\’a}l ch(d)= x .y Ca -, cq\ T\A )

* These. data determine (homeo. type of ) M(A), Fittered VH{A), graded V&'(A),etc.
e I char R=2, V& (A)2H(MR)Z OS’(A)R (Orlik- Solomon cﬂg)

W

0S°(A) is am invariomt of the intersection poset which is muth weaker than .
. mat.
Question: If char R, how much are V() omd VG (A) Fine? ort. ma



3. Main results omd Problems,
@Question: 1f char R¥2, how much ore VYA omd VG (A) Fine?

Conjecture (‘(agb‘r.) char R#2.
Let Av, Ay be central arr. in @' Then TFAE:
(i ) Adjacency qraphs are isomorphic T(A:) & T(A.)
(Gii) vald) V4 (A2) as Filtered afgebras.
(i) V&'(A) & V&'(4dx) as graded algebras,

Rew, () =>GW) =) is gasy. ()= 0), (W)=ii), (W)=() are open,

Thw, (Yagi~ X ) Char R*2. Lot A1, A; be central arr. in R which are generic in codim?.

Then, TFAE: evevy HiaHjoHe
(i ) Adjacency qraphs are isomorphic T(A:) & T(A.) has codim=3,
(i) val(d) V8 (A.) as Filtered afgebms. NOT LIKE—

(i) V&'(A) 2 V&) as graded algebras, >|<H¢,
Today we focus oh ([)=>0). "Reconstruction of T(4) from V4(A)" )



3. Main results omd Problems,

Thw. (Yagi~X.) Char R*2. Let Ai, A; be central arr. in R whichare generic in codim?2.
Then. TFAE:
(i ) Adjacency qraphs are isomorphic (i) & T(A.)
(i) vyld) V8 (A2) as Filtered alyebras.
(i) V& (A) & V&'(4) as graded algebras
Today we focus oh ()=>G), " Reconstruction of T(4) from V4(A)
Stepl Recovering the vertex set ch(A). (Wing only char R¥2).
Tdem (V4 (A))={ £ € V4(A) | 42=+}

—{ Z 1. ’ SQCP\(A)},

ces

§ € Tdawm (U4(R)) is primitive idempotent Iolcm
& £10,0md f= )ct""fz then f=0 ov $2=0.

Prop (char R¥2) £ is prim. idem => Icechld) st. §=1,
(I char R=2, (t.0)=(LoY¢(0.1), (0.1)=(L,0)+¢ (1.1), NO Primitive ldem.)

Hence we have Prim Tdem (Ug(A))={1. | ce ch(d)].



3. Main results omd Problems,

Thw. (Yagi~X.) chor R%2. [ et A1, A, be central arr. in R yhich are generic in codim?,
Then. TFAE: (i) Adjacency qraghs are isomorphic T(A:) 2 T(A.)
(i) va(A) V4 (A2) as Filtered alyebras.
Today we focus on (i)=>(), “Reconstruction of T(4) from V4(A).
Step1 Recovering the vertex set ch(d).  Prim Tdem (V4(A))=11c | ce ch(4) ]

Step2 Recovering the set of Heaviside functions.
HIA) =] ", X7 | =), ni.

Once we obtain H(4), we can recover edjacency relation by using
CEHT & 1.AT+0 & 1. (10) =o0.

Clearly, we have H.(A) S F U4(A) O Tdem(A). The crucial fact is the following :

Prop (char R#2, A: generic in codim2). H(A) =F14(4) 0 Tdem(d) \S0. 1§.
(proot) Let +€F a Xdem \j0.15
Recall: eFi & Fu:l$) is constant for Vi=l,-n.
Suppose that IHi St. Oy, (§)+0. Then, ----



3. Main results omd Problems,

Step2 Recovering the set of Heavicide functions, H(A):={x’ X7 [i=t,~ n}.
Clearly, we have H(A) S FU9(A) " Tdem(4). The crucial fact is the following :
Prop (char R¥2, A: 9eneric in codim2). H(A) =FV4(4) N Tdem(4) \Y0. 1§.

(proof) Let F€F A Xdem \30.1§
Recall: $eF & S ($) is constant for V i=l, .

Suppose that IH; Sit. Oy, (k)+0. Then, -~ .
around Hi, (t must look like : £le) = $c) imglies

l /l : /l/ ‘Q‘(C)'—"’O or |
o/ 0 o/ o M

Suppose that I Hi, Hj St. Oy (K)+0, € (£)+0. Then,

contradiction ! Mence there is at most
ohe Hi st. 8, (+)¥0. ~ 1 or o Heaviside. (Q.£D)




3. Main results omd Problems,

Prop (char R#2, A: eneric in codim2). H(A) =F4(4) N Tdew(4) \lo, If.

(proot) Let +€F A Idem \{0.14 Recall: feF( & Fu:l#) is constant for V i=l,~n.
Suppose that IHi St. Py, (§)+0. Then, around Hi, (T must ook like :

[ / [ ‘ ( / |
0 / 0 ‘ 0 / o M
Suppose that IHi, H; s.t. Oy, ()+0, Gy (£)+0. Then,

Mence there is at most  one Hi st. 8, (F)*#0. ~ 1 or o Heaviside. (Q.£D)
Rem. I+ 3 HioHjoHg with codim=2, then there ore non- Heaviside fumctions

contradiction |

“—~—
Rewm. We com also prove any £6Fn Tdem is of this form{ov o Heariside).



3. Main results omd Problems,

Thw. (Yagi- ) chor R*2. Let A, A; be central arr. in R yhichare gentric in codim?.
Then. TFAE: (i) Adjacency graphs ave isomorphic T(A:) & T(A.)
(ii) vald) V4 (A.) as filtered alyebras.
(i) V&'(A) 2 V&(4a) as graded algebras

Concider automorphism group of these objects.
Aut g (3(4)) S> Aut ; (V4A) < Auit,, (V5 (A)) =Ry (ch(4)).

The [X-Y) char R$2. A: deneric in (odim 2, then
Aut 4y (3(4)) = Aut g, (V4(A)

Ex. A: then  Auty, (3(4) S Aut,, (V4(A))
>‘< H®=2 =48

Question 2 When  Auby., (T(4)) = Autgilt(W[A)) ?




3. Main results omd Problems,

Question ¢ Suppose R=F,. Can we recover T(A) from the filtered alg V3(A)
Two conctete test cases:




3. Main results omd Problems,

Question ¢ Suppose R=F,. Can we recover T(A) from the filtered alg V3(A)
Two conctrete test cases:
(1) Geheric arrangements: A An: Yeneric 6 planel &

A A'z
Ao R

L7 <P
AT I~

NO MHexe §oks
« If char R¥2, U4 (A) % v4(4),
- If R=Th, V&'(A)) % VG (A2) (because interfection lattices are isom. 05(4A;) 205 ()
Question : T R=Fa, V(A & VG(A) as fultered algebras?




3. Main results omd Problems,

Question ¢ Suppose R=F,. Can we recover T(A) from the filtered alg V3(A)
Two conctete test cases:
(2) Non i¢om. intersection lattice.

A« A
) N

. \mé_i

A =

o Even if char R¥2, we donot khow whether V4(41) 2V4(42) or not.

* 0ST(A) 2 05 (4) (MIA) omd MIA:) Ore homotopy eguiv. but mt homeomorphic )
+ In particar, it R=F, V&'(A) ¥ V&(A).

Question: HR=F, U4(A) :—‘7:’ V4(4.) as filtered algebras?




Homotopy equiv.
3-plexification

M3(.A)2M3(.A2)

\
'(

Cohom. ring
H®(M3(A1))
’ZH. (M3 (AQ))

Froh \(‘c.si "\f.

; — 1 < 91,
Signed circuits | < Tope graph
C(A1)~C(Az) T(A1)~T (Az2) \
A (83.2) A
:: Homeomorphic
:: - ; A4 Ma(A1)=Ma(A2)
: S :
| Filtered R-algebra : S N:O
:: VQ(Al):VQ(Ag) h..’ /,//
I NO \4 &/I
I (§5.2) L(A1)~L(A2) |¢.NO---| M2(A1)~M2(A2)
n (§5.2)
! No ! !
0 K : :
] N.’O . .
My |0
Graded R-algebra ¢C£1§1;§=f=2> Graded R-algebra SI(:}(I?\;[H(XH)%
VG® (A1)2VG® (A2) | <o N oo 0S* (A1)~0S* (A2) |7 | Jye (01, A0)
(§5.2) —
A ' A
NO NO
(85.1) : :
. \'V
Graded R-module Graded R-module Char. poly.
VG®(A1)2VG* (Ag) | < | 0S*(A1)~0S* (A2) | | x(A1,t)=x(As,t)




