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Abstract: Generalizing well-known topological results

to combinatorial line arr
,
or its topological realization.



5) Topology of arrangements
Reviewing what and how topological invariants

are combinatorially described.



& Preliminaries. 29

A = 3 Ho, ..., HuS : a hyperplane arrangement in
DPL

· VIAl := CPl,Hi : the complement

· 2U(A) : = frHil : the boundary manifold

· LIA) : = 4 MH*P/BA) : the intersection posto

& What topological information is determined by LIAI ?

· Yes : by (U)
,
H* (U) ,

H* 2U) ,
homeo type of JU (1: 2), ...

No : T (U)
,
M(GU) 19231

-
.

There are many open problems . (higher homotopy , Milnor fiber, ...



E Combinatorial descriptionof). 229

Let . The characteristic polynomial X(cA .t) (of coming
is defined by

↓ (cdit)= lim c = coningof1 : The reduced char , poly ,

is defined by

I c : = 40

↑ (cA+ )= They are determined

by LIA) .

Ihm (Orlik-Solomon )

L(be (U(dl)t"
= [ (cd ,+)



Combinatorial descriptionof). 3/29

(1)bey (U(dl)t" = [ (cd ,+)
k= 0

&etch of proof : Characteristic polynomial satisfies
the deletion-restriction formula :

X(A ,+) = X(A(H)
,
t) - X(A+ t)

This agrees with theing Mayer-Victoris sequence :

0 + Hx(Uld") xDY) +FulA") xD2)+ HxN(AH) -> 0

,-,
u(A)



E Combinatorial descriptionof0). 4/29

Def The Orlik-Solomon algebra A* (cA) is defined by

I A* (CA)=s is dependentL+ ) = A+(a)/
Ign . 2- alg .
)

: reduced OS alg.

#ch Alkd) is ammmmodule with a"nbc-basis".
litztlest bal ,

= 0

= fats = est2-fits
Ihm (Orlik-Solomon'80( Xi ↑ X

nb

L H* (UIA)iZ) = A * (cA) as gr .
2-alg.



E Combinatorial descriptionof0). 5/29

Ihm (Orlik-Solomon'80(

L H* (UIA)iZ) = A * (cA) as gr .
2-alg.

Sketch offamous) proof

IHall
*() = A+(A)

I

Brieskorn ⑧ os

Enk· In this proof , the existence of defining equation is essential.

· There is another ,
more combinatorial proof for H

*(V) = A*(A)

I by Bjornen-Ziegler ,
which is valid for "2-pseudo arrangements".

Their method uses a stratifaction on S&A and Alexander dual.



E Combinatorial descriptionof20). 629

Recall : GU = Gutti) : the boundary mifd , cpt (21-1)-dim ,
wifd.

11e7 · A= A5 : gr . I-alg . The double DIA is defined by DIA)

50

- D(A) = ADHom(12k+-T
, 2) lunderlying module * El

3I
i I

W· (a .
fl · (b

, g) : = lab
, ag + +b ( (multiplication ( -

Rank . DIA) is a P. D. alg ,
of dim 12k+ 11. ·

· DIA) satisfies split ex , seg . 0 + Hom(A ,2) + D(A)-A+
(strivial extension

Ihm (Cohen-Suciu

L H
* (2012) = DIHUiI1) ED(ECA)) (
as gr . X-alg .
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=hm (Cohen-Suciul

L H
* (2012) = DIHUiI1) ED(ECA)) (
as gr . 2-alg .

Sketch of proof Halttk (v)
We have a short ex ,

seq , as modules I// Letscletz dual

0 - Hk(u) + H + (20) + H* (0 , 20) + OI and it splitts as an algelia by Hodge theory.

Enk . The existence of U is essential.

· When 1= 2
,
20 is constructed from LIA) by "plumbing" "



& Summary of 51 8/29

Topological invariantsCombinatorial objects Proof methods

by(u) *(cA
,t)

· Deletion - restriction

& Mayer-Victoris
H* (U) A *(cA) ·

I stratification & Alexandyo
H* (20) DLAkAl) Exact seg, of (U . GU).

& Can we extend these formulas to generalized objects ?

I hyperplane arrangements "["Matroids (v > Topology ?



S2 Combinatorial line arrangements



22 To what we generalize these formulas ? 9/29

#ef. I = 40 , 1, ..., 43 : finite Set
,
Pc22

· A pair e = (2
, P) is called a combinatorial live arrangement

E) i) FPED IP12I i) i , je]P +Dst , vje p
.

5 i
· t = (2 ,

P) defines a poset ((e) = 2rP(i < P() i < P)
.

Exo
z= 40 , 1 ,

23 t
& live oft · p = 301 ,

02
, 123 jii

flats

L(e) (proper part)



&2 Example of combinatorial line arrangements 129

· C = (2
,P) : comb

,
live arr. · L(e) : its poset .

Ex. A : (classical) line arr.
in DP? (any Field is OK

=> C = (A , Sing(A) is a comb
,
line arr ,

and

L(e) = L(A)
.

· Non-Pappas comb
,
line arr.

up Non-realizable couch
,

line arr.

-

(Non-trivial
East < Comb ,

line arr
.
s)> & Simple matroids of rank 3)

~ X(e , t) and A
*(e) are defined similarly for any t.



&2 Topological Realization "9

Def t = (2 ,P) : comb
,
line arr.

A = SHiSizz is called a topological realization of

↳> Each Hi is a locally-flat emb'd S2-CP2 ,
and↓ -

-

[Hi] = [Pp1J = Hz(Qp2 ; /)
.

Each live intersects transversally as D.
· Let U(A) = CP21UHi be The complement.

[2
· Similarly , we can define oth , symplectic , algebraic realizations.-

Ho

Ex. Is2
, 1233 *



& Remarks on realizability 1229

Prop (Ruberman-Starkston

toth symplecticcomb. lineI All LETze : 8 El

↑ ↑
Combinatories Non-Pappus
of FyP2 ,

etc. generally ,
non-realizableCoriented matroids live here. (



&2 The boundary manifold for topological line arr. 139

Suppose T = /2
,
P) is topologically realizable·

Then
,
the boundary manifold is constructed as follows :

-

LPP2 Lape
74

# = Iflow up Fall-intersections

↑
the Exceptionalpreserves gluing St-bundles

topology of &U Il

over S2 by "plumbing .

This procedure can be done without realization !
/

What we need is only L(A) !



& The boundary manifold for ANY comb
,
line an 119

Let t = (2
,
P) be lany) comb

,
live arr.

The poset ((t) = EWP can be considered as a graph.

① Equip an S'bundle EW over S2 for each ( = ((e)(

② Glue Eli) and E(P) by plumbing if it
p.I

Il

-> The resulting manifold JUIt) is an ori . closed 3-med,

2U(t) = JUIA) if t is realizable · (The boundary mid"fort).

Eat (Ruberman-Starkston)

Le is symplectic realizable (20(t) is strongly symplectic
fillable

(with a certain contact str. (



& Summary of $2 (Just a matwid of rank 3)
"19

generalize~-> t
= /2

,
P) : comb

. line arr
· A : line arr . in Cp2

↳s
T A : topological realization

· UIA) is not determined by LIA) ,
but JU/A) is determined.

up JU(t) is defined for ANY comb ,
live arr .

2.

& What about topological invariants ?
-> Main results.



53 Main results

· Combinatorial description
· On the minimality.
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&3 Main result I. 129

t = (2
,P) : comb · live arr

.

A : topological realization of t.

Ihm (11) , 121 : [2]
,
(3) : [17(

1) HR "bi(UAl)t= (t ,t

I2) H*(UIAli]) = AY (e)

3) H* (2012) ; 2) = DIA*(e)

The classical results hold simliarly for the above cases,
however , we CANNOT use the classical method for the proof.



&

&3 Betti numbers : similarly proven 17/29

#hm (1) ZHRdi(U(l) ti = Fle ,t

Sketch of proof
· The deletion-restriction formula

also holds for e:

* (t ,+)= (e) +) - Tle"
, t)

↑ ↑
the deletion the restriction

I not a cowh
,
live arr

. (

· We have a splitting MV seg ,
similarly.

0 + Hy(U(d") xDY) + Hx(u(A +) xD4AHx(V(A)) + Hx((A(H) -> 0

-> For by
,
the classical proof also holds ?



&3 Cohomology ring : What is the difference ? 18/29

#m (2) H*(U(A) : 21) = #*(2)

Recall : Classical proof needs the defining equation to
define

· But
,
we CANNOT hope the definining equation for

I topological realization in general.
& Also, Bjorner-Ziegler's method does not apply to

topological realization ,
because we cannot hope a nice stratification.

-
We need a NEW method which is valid for

logical live arrangements !



&

&3 Cohomology ring : A homological method "129

#m (2) H*(U(A) : 21) = #*(2)

Instead of computing the Cup product V : HIU/xHU)+ H
*
10),

we will compute the homology
intersection product

· Ha-k (0 ,20) x Ha-e (0 , ru) + Ha-k -1 (V ,
G0)

which is defined by Poincare - Letschetz duality . (ClimpU = 4)

In particular , the non-trivial product is only

Hs (U ,
zU) x Hs (V ,

ful -+ Ha(V , du).

(dual of H x Hi + +2)

- We will construct a basis for Hx)U , GU) to compute this .



&3 Cohomology ring : Basis of Hs(W , 20) 29

#m (2) H*(U(A) : 21) = #*(2)

Basis of Hs(U . 2U) is constructed by the intersection dual,

->
mi

Hi - F
mis

A
ID(mi) · mj = Sij

[ID(mi) , . . . .
ID(mm)) is a basis of H3 (U ,

EU) .

-> It is enough to construct a 3-mfd Fi W/G .
Sit.

· Fi · mj = Sij (mj : meridian of Hi

· Finzu = GFi
-> [Fi)= ID (mi) !



&

&3 Cohomology ring : Construction the intersection dual . "g

#m (2) H*(U(A) : 21) = #*(2)

Intersection dual Fi :
· Fi · mj = Sij

( · Figu = Fi

Firstly ,
construct the boundary 2Fi.

Locally around Hi , GU looks like Stddle over a surface.

-> Take a section Si .
Then ,

Si · Mi = Sij

#



&

33 Cohomology ring : Construction the intersection dual .
24

#m (2) H*(U(A) : 21) = #* (2)

Apply the same construction for So ,
and connect Sid so

by annuli .

Then ,
we get a closed surface,

Ho which will become 2Fi.

So d
&2Y*

& -
Hi



&

&3 Cohomology ring : Construction the intersection dual .
3

#m (2) H*(U(A) : 21) = #* (2)

Finally , capping GFi by a pencil-like method.

(2 : DP ....> DP'
,
the file of a path [1 : 03 -> 10 : 17 S

[x.7 :27 + [di : xo] in CP1 .

-

↑ We can't hope the def , eg .
for Hi.

But, Hi is homologousto a straight line .

After "unknotting operation"To His
method.Imappin-



&

33 The doubling Formula HYV) =D((e) 24/29

#m (3) H* (2v/eli2) = DIAY(e)

The proof due to Cohen-Sacin uses the exact seg (V ,
DU) .

But for general e ,
we cannot hope theexistenceof.

So
,

we will compute H* (2012) ; 2) directly,
and proce it is isomorphic to DIA

*(e)) .

Here
, we also took homological method and computed
Hz(fu) + Hz(ful + H , (DU)

.



&

33 Minimality 25/9

Besides
,
there is a property of topological realization

which does not share with classical result.

Def X : CWX. ①
LX is minimal <bi(x) = #91-cells of X

Ex.. S'
,
Th admits minimal str.

· RP2 never be minimal .
(H , (IRP2 = 2/2

,
b

, (RP2 = 0)

Ihm (Dimca-Papadima , Randell (

A : hyper place our in Ope

↓U(A) (minimal CW <px. )



&Mainresultandell ( 26/29

A : hyper place our in Ope

↓U(A) (minimal CW <px. )

Ihm (2]
A : symplectic realization of

a coul live am . e

LThen ,
U(A) = (minimal CWcpx)

Im [2]

LET , Ed : its topological realization sit .
U(d)#minimal <px)



&

33 Minimality of symplectic realization
2/29

Ihm (2]
A : symplectic realization of

a coul live am . e

LThen ,
U(A) = (minimal CWcpx)

liveofprotaraid monodromy technique for symplectic curves
inCP2

. (Kharlamov- Kulilkov (
· (Generalized) Libgober's result states the pres. of it by braid

monodromy gives a cell-decomp , of the complement.
· In arrangement case , this gives a minimal (W <pX.
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33 Non-minimal example 25/29

Im [2]

LET , Ed : its topological realization sit .
U(d)#minimal <px)

Ho

&

Proof etLet t = So , 1) . H,-

Hoi= Cpc CP2
· Define HI so that it is a"knotted" disk in CPr(to).

I spun trefoil 4134

Then
,
U(Al = @P(HOUH) = BR/Hi(HinHo

-

- T(U(A)) =T , 1 S (trefoil)
Knitted 2-disk .

↑ rankIth(U(Al) > 1
.
This contradicts to minimality.
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33 More non-minimal example ? 29/29

Im [2]

LET , Ed : its topological realization sit .
U(d)#minimal <px)

Question

Le : topologically realizable Ed : its realization
Sit . ULAl # I minimal (PX)

We hope that similar" knotted" construction holds for any arr.

But now ,
I could not prove itt ...

*
minimal

-*
non-minimal ?



Thankyou
for listening !

/Summary]
& A : line am in CP- > Topological realizationsgenerize

% balus has combinatorial description with simila put

H (u) - with a NEW method.

U is minimal for symplectic aw , but ingeveral,

U fails the minimality.


